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We consider the GUT compatible formulation of noncommutative QED,
as well as noncommutative SU(N) GUTs, for N > 2, with no scalars but
with fermionic matter in an arbitrary, anomaly-free representation, in the
enveloping algebra approach. We compute, to first order in the noncommu-
tativity parameters θµν , the UV divergent part of the one-loop background-
field effective action involving at most two fermion fields and an arbitrary
number of gauge fields. It turns out that, for special choices of the am-
biguous trace over the gauge degrees of freedom, for which the O(θ) triple
gauge-field interactions vanish, the divergences can be absorbed by means
of multiplicative renormalisations and the inclusion of θ-dependent coun-
terterms that vanish on-shell and are thus unphysical. For this to happen
in the SU(N), N > 2 case, the representations of the matter fields must
have a common second Casimir; anomaly cancellation then requires the or-
dinary (commutative) matter content to be non-chiral. Together with the
vanishing of the divergences of fermionic four point functions, this shows
that GUT inspired theories with U(1) and SU(N), N > 2 gauge groups
and ordinary vector matter content not only have a renormalisable matter
sector, but are on-shell one-loop multiplicatively renormalisable at order
one in θ.
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1 Introduction
The enveloping algebra approach, which makes use of Seiberg-Witten maps, is the only known
approach that allows to construct noncommutative gauge theories with arbitrary groups and
representations [1]. Much work has been carried out to analyse the properties of these theories,
in particular pertaining to their consistency at the quantum level: though the models involve
an infinite number of interactions that are not power-counting renormalisable, their properties
at the quantum level are better than naively expected. This includes anomaly cancellation
conditions, which have been shown to be identical to those in commutative gauge theories
[2], and also renormalisability properties. In this respect, the more striking result could be
the observed renormalisability of the gauge sector at one-loop, for several models with diverse
matter content [3, 4, 5, 6, 7, 8, 9, 10]; in fact, the matter determinants contributing to the
one-loop gauge effective action are known to yield renormalisable contributions to all orders
in θ [11].
Regarding the renormalisability of theories with fermionic matter, generically the inclusion
of noncommutative Dirac fermion fields gives rise to four fermion UV divergences that spoil
the renormalisability; the lack thereof has been shown explicitly for the non-GUT-compatible
version of QED of ref. [3] and for the SU(2) gauge theory with fundamental fermions [5], but
the problematic four fermion divergences have been shown to appear in generic theories with
noncommutative Dirac fermions in arbitrary representations [12]. However, GUT-compatible
theories, which were introduced in ref. [13], have been shown to be free of these divergences for
arbitrary choices of the representation of the fermion fields [12, 14]. Moreover, anomaly safe
GUTs have been shown to have, against all odds, a one-loop renormalisable effective action
at order one in the noncommutativity parameters θ [15]; these are the first noncommutative
gauge theories with fermionic matter in representations other then the adjoint that have been
shown to be one-loop renormalisable. The only other known examples of one-loop, O(θ)
renormalisable noncommutative gauge theories defined by means of Seiberg-Witten maps and
involving fermion fields are (S)U(N) SuperYang Mills theories [10].
In this paper we continue the study of the renormalisability properties of noncommutative
GUT compatible theories with no scalar fields by analysing models in which the gauge group is
not anomaly safe, i.e., the anomaly coefficients are non-vanishing, so that anomaly cancellation
conditions restrict the allowed representations, which must be reducible for the total contribu-
tion to the anomaly to vanish. The main difference with the theories analysed in ref. [15] is,
apart from the restrictions in the matter content coming from the gauge anomaly, that local
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gauge invariant contributions of the form Trθfff , with f being field strengths, are allowed
in both the tree-level and effective actions. In fact, the tree-level action does include these
O(θ) bosonic interactions, which are sensitive to ambiguities in the definition of the trace over
the gauge degrees of freedom; this has the effect of introducing an additional coupling. We
consider, in particular, the GUT-inspired version of QED [13], and SU(N) GUT theories, for
N > 2, with fermions in a generic, anomaly free representation; it should be recalled that the
non-GUT-compatible counterparts of these theories, formulated in terms of noncommutative
Dirac fermions, are not renormalisable. To analyse the renormalisability of the matter sector
of these theories, completing the results concerning four fermion UV divergences of ref. [12],
we compute the UV divergent part of the one-loop effective action at order θ involving two
fermion fields. In order to address the full one-loop renormalisability, we also compute the
UV divergences in the bosonic sector. We use the background field method in dimensional
regularisation, which allows to reconstruct the full one-loop, O(θ), non-evanescent divergent
contributions involving two or no fermion fields from the computation of the pole part of the
two- and three-point Green functions involving, respectively, two fermion fields, one gauge field
and two fermion fields, and three gauge fields.
The results are the following: both in the QED and SU(N), N > 2 cases, the divergences
can be subtracted by means of multiplicative renormalisations and the inclusion of redun-
dant interactions in the form of θ-dependent counterterms that vanish on-shell, whenever the
ambiguous trace over the bosonic degrees of freedom is chosen so that the O(θ) bosonic inter-
actions cancel –making the situation similar to that of anomaly safe GUTs [15]. In the SU(N)
case, there is a further requirement for renormalisability, which is that all the irreducible mat-
ter representations must share the same second Casimir; anomaly cancellation requires then
the ordinary matter content to be nonchiral, consisting of two multiplets in representations
that are conjugate of each other –note, however, that the noncommutative interactions remain
nonchiral in the sense that they cannot be written in terms of noncommutative Dirac fermions.
Together with the results concerning the absence of four fermion UV divergences in the effec-
tive action, this shows that the models with ordinary nonchiral matter content not only have
a renormalisable matter sector, but the full one-loop, O(θ) effective action is renormalisable.
This renormalisability holds for the off-shell effective action, but in such a way that no addi-
tional physical parameters have to be introduced beyond those already present at tree level,
which are the gauge couplings and the noncommutativity parameters. This is due to the fact
that the counterterms come only from multiplicative renormalisations of the tree-level fields
and parameters and from redundant interactions that vanish on-shell and hence depend on
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unphysical couplings. The on-shell effective action of the nonchiral theories, from which the
S-Matrix elements derive, can thus be renormalised simply by means of multiplicative renor-
malisations of the fields and the tree-level physical couplings. The one-loop renormalisation
does not require the addition of more physical parameters; this aspect is key in raising hopes
that these theories might be truly renormalisable and predictive when higher order correc-
tions are included, yielding finite S-Matrix elements depending on a finite number of physical
couplings.
These results allow to overcome the nonrenormalisability observed for both noncommuta-
tive QED and SU(N), N > 2 gauge theories formulated in terms of noncommutative Dirac
fermions –and thus not GUT-compatible– with a nonchiral ordinary matter content. This
adds more models to the list of one-loop, O(θ) renormalisable noncommutative gauge theories
with fermion fields defined by means of Seiberg-Witten maps. This list, empty until very re-
cently, includes (S)U(N) super Yang-Mills theories, [10], anomaly-safe GUTs with matter in an
arbitrary irreducible representation [15]–with the possibility of adding fields in the conjugate
representation– and the models found in this paper.
The organisation of the paper is as follows. The U(1) and SU(N), N > 2 theories are
defined in section 2, which also outlines the computation by means of the background field
method. Section 3 includes the results of the computations of the divergent part of the effective
actions involving two fermion fields, whereas section 4 deals with the divergences in the bosonic
sectors. Renormalisability is analysed in section 5, and the results are discussed in section
6. Two appendices are also included: appendix A shows the Feynman rules relevant to the
calculations, and appendix B displays the β functions of the physical couplings of the theories.
2 The models and the background field method
We consider four-dimensional noncommutative GUT-compatible theories with gauge groups
U(1) and SU(N), N > 2, and fermionic matter. Paralleling the discussion in ref. [15], these
theories are defined by means of a noncommutative left-handed chiral multiplet Ψ in an arbi-
trary representation ρΨ of the gauge group, and an enveloping-algebra valued gauge field Aµ
with action [13]
S =
∫
d4x −
1
2λ2
TrFµν ⋆ F
µν + Ψ¯LiD/ΨL, (2.1)
Fµν = ∂µAν − ∂νAµ − i[Aµ, Aν ]⋆, DµψL = ∂µΨL − iρΨ(Aµ) ⋆ΨL.
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The noncommutative fields are given in terms of the ordinary ones aµ, ψ by the Seiberg-Witten
maps that follow,
Aµ = aµ +
1
4
θαβ{∂αaµ + fαµ, aβ}+O(θ
2),
ΨL = ψL −
1
2
θαβρψ(aα)∂βψL +
i
4
θαβρψ(aα)ρψ(aβ)ψL +O(θ
2). (2.2)
ρψ might be expressed as a direct sum of irreducible representations, ρψ =
⊕NF
r=1 ρr. Ac-
cordingly, the fermion fields can be expressed as a direct sum of irreducible multiplets, ΨL =⊕NF
r=1Ψ
r
L, ψL =
⊕NF
r=1 ψ
r
L. The ordinary field aµ takes values in the Lie algebra; we will use
the following notations for the expansion in terms of generators,
U(1) : aµ = ea
0
µY, (2.3)
SU(N) : aµ = a
a
µT
a, a = 1, . . . , N2 − 1.
We furthermore consider the following normalisation for the generators in an arbitrary repre-
sentation:
ρr(Y )
2 ≡ Y 2r = 1, Tr{ρr(T
a), ρr(T
b)} ≡ Trr{T
a, T b} = c(r)δab, (2.4)
c(r) denoting the Dynkin index of the representation r of SU(N). The matter content is chosen
so that it is anomaly free. In the U(1) case, to make contact with QED, we consider a multiplet
with two irreducible representations Ψ±, with ρ+(Y ) ≡ Y+ = 1 and ρ−(Y ) ≡ Y− = −1. In the
SU(N) case the representation is kept arbitrary, though with a vanishing total anomaly.
The action in eq. (2.1) has an ambiguity which should not be ignored, and which affects
the trace in the noncommutative gauge kinetic term: since the noncommutative fields are
enveloping-algebra valued, the result of the trace is representation dependent. This ambiguity
was irrelevant in the case of GUT theories with anomaly safe groups, since the O(θ) corrections
to the tree-level bosonic action are proportional to Tr{T a, T b}T c, which vanishes for those
theories but not for the groups U(1), SU(N), N > 2 considered in this paper [13]. We define
Tr in the gauge kinetic term as a sum of the traces along the different representations,
Tr =
∑
r
κrTrr. (2.5)
Trr is defined in the nonabelian case in eq. (2.4). In the U(1) case, Trr is understood as the
application of ρr. It is natural to consider in the sum of eq. (2.5) exclusively the representations
of the matter fields; the inclusion of these –and no others– can be justified from demanding the
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renormalisability of the matter determinants that contribute to the bosonic effective action [11].
Note that the inclusion of a finite number of representations in the sum is equivalent to consider
a finite number of couplings in the gauge sector, which include the ordinary gauge coupling
present in commutative theories. More precisely, to make contact with the commutative limit,
and taking into account the normalisation in eq. (2.4), we demand
U(1) :
∑
±
κ±(eY±)
2
λ2
=
e2(κ+ + κ−)
λ2
=
1
2
, SU(N) :
∑
r κrc(r)
λ2
=
1
2g2
, (2.6)
where g is the commutative SU(N) coupling.
The O(θ) pure gauge contribution to the action is then, using eqs. (2.1), (2.2) and (2.6), of
the form
SNCbos =
∫
d4x
∑
r κr
λ2
Trr
(1
4
θαβfαβfµνf
µν − θαβfµαfνβf
µν
)
+O(h2), (2.7)
fµν = ∂µaν − ∂νaµ − i[aµ, aν ].
In the U(1) case, using the notation in eq. (2.3), we define
fU(1)µν = eY (fµν)
0, (fµν)
0 = ∂µa
0
ν − ∂νa
0
µ; (2.8)
then the noncommutative bosonic action turns out to be
S
NC,U(1)
bos =
∫
d4x
∑
±
κ±(eY±)
3
λ2
(1
4
θαβ(fαβ)
0(fµν)
0(fµν)0 − θαβ(fµα)
0(fνβ)
0(fµν)0
)
+O(h2).
(2.9)
In the SU(N) case, using
TrrT
a{T b, T c} =
1
2
A(r)dabc,
where A(r) is the anomaly coefficient of the representation r (its value in the fundamental
representation being A(F ) = 1), we can write the action (2.7) as
S
NC,SU(N)
bos =
∫
d4x
∑
r κrA(r)
λ2
dabc
( 1
16
θαβ(fαβ)
a(fµν)
b(fµν)c−
1
4
θαβ(fµα)
a(fνβ)
b(fµν)b
)
+O(h2).
(2.10)
We can regard the combinations
∑
r κr(eYr)
3
λ2
and
∑
r κrA(r)
λ2
appearing in eqs. (2.9) and (2.10)
as new couplings, since, as the sum over representations of the matter fields includes at least
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two different representations –a fact required by the anomaly cancellation conditions– then the
said combinations are independent of those appearing in eq. (2.6); we will denote these new
couplings as ∑
±
κ±(eY±)
3
λ2
=
e3(κ+ − κ−)
λ2
≡
e˜
2
,
∑
r κrA(r)
λ2
≡
1
g˜2
. (2.11)
The definitions have been chosen in such a way that, when only the fundamental representation
is chosen, one gets from eqs. (2.6) and (2.11) e˜ = e, g˜ = g. The bosonic actions end up being
S
U(1)
bos =
∫
d4x −
1
4
gµνg
µν + e˜
(1
8
θαβ(fαβ)
0(fµν)
0(fµν)0 −
1
2
θαβ(fµα)
0(fνβ)
0(fµν)0
)
+O(h2),
S
SU(N)
bos =
∫
d4x −
1
4g2
(fµν)
a(fµν)a +
1
g˜2
dabc
( 1
16
θαβ(fαβ)
a(fµν)
b(fµν)c−
1
4
θαβ(fµα)
a(fνβ)
b(fµν)c
)
+O(h2). (2.12)
Note that, by choosing κ+ = κ− and κr = κr∗ , since the anomaly coefficients are such that
A(r) = −A(r⋆), one obtains e˜ = 1
g˜2
= 0. Nevertheless, we will keep the couplings arbitrary,
to make contact with previous studies in the literature in which they were taken as nonzero,
and to see if renormalisability can be achieved for arbitrary values of e˜, g˜. On the other hand,
in principle their cancellation needs not survive the renormalisation procedure, though in the
end it will turn out that it does.
The expanded fermionic action is given for both theories by
SNCfer =
∑
r
∫
d4x
(
−
i
4
θαβψ¯rρr(fαβD/ )ψr −
i
2
θαβψ¯rγ
µρr(fµαDβ)ψr
)
+O(θ2),
Dµψr = ∂µψr − iρr(ψ)r. (2.13)
We quantise the theory by means of path integral methods, defining the functional generator
in terms of Feynman diagrams. In order to formulate the Feynman rules in terms of Dirac
fermions, we add a spectator right-handed fermion, as in ref. [12]
S → S ′ = S +
∫
d4x
¯˜
ψRi∂/ψ˜R, ψ =
[
ψ˜R
ψL
]
.
We regularise the theory, as in refs. [12, 15] by means of dimensional regularisation inD = 4+2ǫ
dimensions, using the BMHV scheme for defining γ5 [16, 17]. The dimensionally regularised
action is not unique in this scheme: there is an infinite number of actions which reduce to
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(2.1) in the limit D = 4, differing by evanescent operators [18]. As in ref. [18] we will treat the
interaction vertices as “four-dimensional”, meaning that we will keep all the vector indices in
them contracted with the “barred” metric g¯µν . We will also define the dimensionally regularised
θµν as “four-dimensional”. Furthermore, in our computations we will discard any contributions
that have a pole in ǫ whose residue is an evanescent operator. These contributions involving
evanescent operators have no physical effects at the one-loop level for an anomaly-free theory,
and are therefore mere artifacts of the renormalisation procedure [18, 19] –nevertheless, they
should be taken into account in the computations at higher loop orders [20] .
We wish to obtain the divergent part of the effective action involving no evanescent op-
erators, at most two fermion fields and an arbitrary number of gauge fields, in a manifestly
covariant approach, which allows to reconstruct the full contribution to the effective action
from a minimum number of diagrams, as was done in refs [10, 15]. For this we use the back-
ground field method [21]. Within this framework, the the gauge field aµ is split in a background
part bµ and a quantum part qµ,
aµ = bµ + qµ,
and a gauge fixing which preserves background gauge transformations is chosen
δqµ = −i[qµ, c], δbµ = D[b]µc, D[b]µ = ∂µ − i[bµ, ].
This gauge fixing is
Sgf = −
1
2α
∫
d4x (D[b]µ q
µ)2, Sgh =
∫
d4x c¯D[b]µ D
[b+q]µc.
As discussed in ref. [21] –see also [10]– introducing the classical fields bˆµ, ψˆ, the 1PI functional
is given by
Γ[bˆµ, ψˆ,
ˆ¯ψ] =
∫
d4x
∑
k
∑
n
−i
(k!)2
Γ˜
(n,k)
i1, .., ik; j1, .., jk;
µ1, .., µn
a1, .., ak
k∏
l=1
ˆ¯ψil
k∏
p=1
ψˆjp
n∏
m=1
bˆamµm . (2.14)
The effective action above is gauge invariant under gauge transformations of the classical fields
bˆµ, ψˆ,
ˆ¯ψ. Its dimensionally regularised version is only gauge invariant modulo an evanescent
operator which, for the reasons stated before, can be ignored in one-loop calculations of UV
divergences in an anomaly-free theory. Γ˜(n,k) is equivalent to a background 1PI diagram with
n background gauge field legs, k fermionic legs and k anti-fermionic legs. (Note that our
definitions do not involve any symmetrisation over the background gauge fields). The vertices
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relevant to our calculations and their associated Feynman rules for α = 1 are given in appendix
A.
As was done in refs. [10, 15], the computation is simplified by, on the one hand, choosing the
gauge α = 1, and, on the other, by only calculating a minimum number of diagrams. The choice
of α = 1 will not affect the on-shell effective action, which is independent of α, and therefore
the conclusions reached on-shell will have general validity [22]. The method of computing a
minimum number of diagrams consists in reconstructing full gauge invariant contributions to
the divergent part of the effective action by only calculating 1PI Green functions with the
minimum number of fields appearing in those contributions. Since in the computation we
ignore evanescent contributions that might break gauge invariance, and we are considering an
anomaly-free matter content, the divergences we aim to obtain will be local gauge invariant
polynomials in the field strength, fermion fields and their covariant derivatives. These UV
divergent contributions can be expanded in a basis of independent gauge invariant terms; if
the contributions to these terms with a given number and types of fields are also independent,
then one can fix the coefficients in the expansion by computing the 1PI Green functions with
the same number and types of fields.
To identify the diagrams that must be computed, as well as for the purpose of matching
the counterterms needed to remove the divergences, we will use a basis of local gauge invariant
terms whose integrals are independent. At first order in θ, we might have purely bosonic terms,
terms with two fermion fields and terms with four fermion fields.
For the bosonic terms we consider the following basis,
r1 =θ
αβTrF fαβ{fµν , f
µν}, (2.15)
r2 =θ
αβTrF f
µν{fµα, fνβ},
where TrF denotes the trace over the fundamental; in the U(1) case, we define YF = +1. In
the case of terms with two fermion fields, we choose the following basis, for each flavour r:
sr1 = θ
αβψ¯rγ
µPLfµβDαψr, s
r
2 = θ
αβψ¯rγ
µPLfαβDµψr, s
r
3 = θ
αβψ¯rγ
µPLDµfαβψr,
sr4 = θ
αβψ¯rγαPLfβµD
µψr, s
r
5 = θ
αβψ¯rγαPLD
µfβµψr, s
r
6 = θ
αβψ¯rγαβ
µPLD
νfµνψr,
sr7 = θ
αβψ¯rγαβ
µPLfµνD
νψr, s
r
8 = θ
αβψ¯rγα
ρσPLDβfρσψr, s
r
9 = θ
αβψ¯rγα
ρσPLfρσDβψr,
sr10 = θ
αβψ¯rγα
ρσPLfβσDρψr, s
r
11 = θ
αβψ¯rγαDβD
2ψr, s
r
12 = θ
αβψ¯rγαβ
µDµD
2ψr. (2.16)
In the previous expressions we omitted the hats in the background fields and explicit indications
of the representations ρr to ease the notation. fµν and Dαfµν are shorthands for ρr(fµν) and
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ρr(Dαfµν), and will continue being so for the rest of the paper unless otherwise specified. Dαfµν
is defined as Dαfµν = ∂αfµν − i[aα, fµν ]. We will use the same basis for U(1) or SU(N), by
substituting appropriately the expansions of the U(1) and SU(N) gauge fields given in eq. (2.3)
into the definitions for fµν and the covariant derivatives of eqs. (2.7) and (2.13). In the non-
abelian case, there are other admissible gauge invariant terms, involving symmetric invariant
tensors ta1...ak of the gauge group, such as θαβψ¯rγ
µta1...akρr(T
a1 . . . T ak−1)(fαβ)
akDµψr. The
only terms of this type that will appear in the effective action in the SU(N) case involve the
combination
∆ar ≡ d
abcρr(T
bT c), (2.17)
which, for generic representations, does not belong to the Lie algebra, so that terms constructed
with it will be independent of the si in eq. (2.16). This is not true, for example, for the
fundamental and antifundamental representations F and F¯ . We will denote by F the set of
representations r′ for which ∆a is Lie algebra valued; for these one has
∆ar′ =
NA(r′)
4c2(r′)
ρr′(T
a), (2.18)
c2(r) being the Dynkin index, such that TrrT
aT b = c2(r)δ
ab. Clearly, for the representations in
F no terms other than those in eq. (2.16) have to be considered. However, for representations
that do not satisfy analogous properties, we have to consider the additional terms that follow:
sr13 = θ
αβψ¯rγ
µPL∆
a
r(fµβ)
aDαψr, s
r
14 = θ
αβψ¯rγ
µPL∆
a
r(fαβ)
aDµψr,
sr15 = θ
αβψ¯rγ
µPL∆
a
r(Dµfαβ)
aψr, s
r
16 = θ
αβψ¯rγαPL∆
a
r(fβµ)
aDµψr,
sr17 = θ
αβψ¯rγαPL∆
a
r(D
µfβµ)
aψr, s
r
18 = θ
αβψ¯rγαβ
µPL∆
a
r(D
νfµν)
aψr,
sr19 = θ
αβψ¯rγαβ
µPL∆
a
r(fµν)
aDνψr, s
r
20 = θ
αβψ¯rγα
ρσPL∆
a
r(Dβfρσ)
aψr,
sr21 = θ
αβψ¯rγα
ρσPL∆
a
r(fρσ)
aDβψr, s
r
22 = θ
αβψ¯rγα
ρσPL∆
a
r(fβσ)
aDρψr. (2.19)
Finally, we need a basis of terms of order O(θ) with four fermion fields, which will appear
when studying the counterterms. It will suffice to consider the following ones
trs1 =θ
αβ(ψ¯rγαPLρr(T
a)ψr)(ψ¯sγβPLρs(T
a)ψs), r < s,
trs2 =θ˜
αβ(ψ¯rγαPLρr(T
a)ψr)(ψ¯sγβPLρs(T
a)ψs), r < s, θ˜
αβ =
1
2
ǫαβµνθµν . (2.20)
T a denote the Lie algebra generators (Y in the U(1) case).
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3 Computation of the UV divergences in the effective action in-
volving two fermion fields
In this section we will proceed to compute the divergent contributions to the effective action
involving two fermion fields and no evanescent operators, at one-loop and first order in θ, by
calculating the background field 1PI diagrams Γ˜(n,k) with no external quantum field legs of
eq. (2.14), using the Feynman rules in appendix A. Due to the results of ref. [12], the divergent
contribution with two fermion fields represents the whole divergent part of the matter sector
of the effective action at order θ.
To identify the diagrams that must be computed, we consider the terms with two fermion
fields in eqs. (2.16) and (2.19). Doing a similar analysis as that of ref. [15], we have that the
terms si that may appear in the divergent, non evanescent part of the effective action are
of the form θψ¯D3ψ –spanned by s11, s12, which involve at least two fermion fields and have
independent two-field contributions– and θψ¯(Df)ψ, θψ¯fDψ, spanned by s1-s10, s13-s22, which
involve at least two fermion fields and a gauge field, in such a way that these contributions are
independent of each other (with the exception that for representations in which ∆ar of eq. (2.17)
is Lie algebra valued, s13-s22 can be expressed in terms of s1-s10). It follows from the previous
discussion that the coefficients of the expansion of the divergent contributions to the effective
action involving two fermion fields can be obtained by computing only 1PI diagrams with two
fermion fields, Γ˜(0,1), and with one gauge field and two fermion fields, Γ˜(1,1). There is, however,
a subtlety: the diagrams with two fermionic legs yield the contribution −iΓ˜
(0,1)
ij
ˆ¯ψiψˆj to the
effective action (see eq. (2.14)), which fixes the coefficients of s11 and s12 in the expansion
of the effective action in terms of the basis of gauge invariant terms. Then, the diagrams
with an external gauge field and two external fermion fields contribute as −iΓ˜
(1,1)
ij(µ,a)
ˆ¯ψiψˆj bˆ
a
µ to
the effective action, which will be a sum of three-field terms coming from both the s11, s12
combination fixed beforehand and from the s1-s22 terms. The three-field contributions of s11
and s12 have to be subtracted in order to get the coefficients of the s1-s22 terms.
3.1 U(1) case
The diagrams from which one computes the gauge invariant, non-evanescent poles in the
effective action at one-loop and order θ are shown in Figs. 1 and 2.
The result of the computations is
11
Figure 1: Diagrams contributing to Γ˜(0,1) at order θ in the U(1) case.
Figure 2: Diagrams contributing to Γ˜(1,1) at order θ in the U(1) case.
Γ
NC,U(1)
div,matter[bµ, ψ] =
∫
dDx
{ 1
192π2ǫ
θαβ
∑
r
(eYr)
2 ψ¯rγαβρPLD
ρD2ψr
+
i
16π2ǫ
∑
r
(eYr)
3
[(1
2
−
4xr
3
)
θαβψ¯rγ
µPL(fµβ)
0Dαψr +
2xr
3
θαβψ¯rγ
µPL(fαβ)
0Dµψr
+
1
8
θαβψ¯rγ
µPL(Dµfαβ)
0ψr +
(4xr
3
−
3
2
)
θαβψ¯rγαPL(fβµ)
0Dµψr
+
(2xr
3
−
3
4
)
θαβψ¯rγαPL(D
µfβµ)
0ψr +
( 1
24
+
3xr
4
)
θαβψ¯rγα
ρσPL(Dβfρσ)
0ψr
+
(1
6
+
3xr
4
)
θαβψ¯rγαβ
µPL(D
νfµν)
0ψr +
1
12
θαβψ¯rγαβ
µPL(fµν)
0Dνψr
]}
, (3.1)
where
xr ≡
e˜
eYr
12
and the field strength and covariant derivatives are evaluated on the background field, the field
strength (fµν)
0 being defined in eq. (2.8). We suppressed the hats over the classical fields to
ease the notation.
In terms of the basis of si terms in eq. (2.16), the divergent contribution to the effective
action in eq. (3.1) can be expressed as
Γ
NC,U(1)
div,matter[bµ, ψ] =
∫
dDx
∑
r
((eYr)2i
16π2ǫ
[(1
2
−
4xr
3
)
sr1 +
2xr
3
sr2 +
1
8
sr3 +
(4xr
3
−
3
2
)
sr4
+
(2xr
3
−
3
4
)
sr5 +
(1
6
+
3xr
4
)
sr6 +
1
12
sr7 +
( 1
24
+
3xr
4
)
sr8 −
i
12
s12
])
. (3.2)
3.2 SU(N), N > 2 case
The diagrams from which one computes the gauge invariant, non-evanescent poles in the
effective action at one-loop and order θ are shown in Figs. 3 and 4.
Figure 3: Diagrams contributing to Γ˜(0,1) at order θ in the SU(N), N > 2 case.
The reconstruction of the divergent contributions to the effective action in terms of a basis
of gauge invariant terms is somewhat different in the cases where the fermion multiplet includes
representations such as the fundamental or antifundamental in which the ∆ar of eq. (2.17) are
Lie algebra valued; this is so since, as we already argued, for these representations the terms in
eq. (2.19) are not independent of those in eq. (2.16). Nevertheless, we can write an expression
covering all cases as follows,
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Figure 4: Diagrams contributing to Γ˜(1,1) at order θ in the SU(N), N > 2 case.
Γ
NC,SU(N)
div,matter[bµ, ψ] =
∫
dDx
{g2C2(r)
192π2ǫ
θαβ
∑
r
ψ¯rγαβρPLD
ρD2ψr +
ig2N
16π2ǫ
∑
r
[1
6
θαβψ¯rγ
µPLfµβDαψr
−
1
3
θαβψ¯rγ
µPLfαβDµψr −
1
8
θαβψ¯rγ
µPLDµfαβψr +
5
6
θαβψ¯rγαPLfβµD
µ
+
5
12
θαβψ¯rγαPLD
µfβµψr −
1
8
θαβψ¯rγα
ρσPLDβfρσψr −
1
16
θαβψ¯rγαβ
µPLD
νfµνψr
]
+
ig2
16π2ǫ
∑
r
C2(r)
[1
2
θαβψ¯rγ
µPLfµβDαψr +
1
8
θαβψ¯rγ
µPLDµfαβψr −
3
2
θαβψ¯rγαPLfβµD
µ
−
3
4
θαβψ¯rγαPLD
µfβµψr +
1
24
θαβψ¯rγα
ρσPLDβfρσψr +
1
6
θαβψ¯rγαβ
µPLD
νfµνψr
+
1
12
θαβψ¯rγαβ
µPLfµνD
νψr
]
+
ig4
16π2g˜2ǫ
∑
r
[
−
2
3
θαβψ¯rγ
µPL∆
a
r(fµβ)
aDαψr
+
1
3
θαβψ¯rγαPL∆
a
r(D
µfβµ)
aψr +
2
3
θαβψ¯rγαPL∆
a
r(fβµ)
aDµψr +
1
3
θαβψ¯rγ
µPL∆
a
r(fαβ)
aDµψr
+
3
8
θαβψ¯rγα
ρσPL∆
a
r(Dβfρσ)
aψr +
3
8
θαβψ¯rγαβ
µPL∆
a
r(D
νfµν)
aψr
]}
,
where all covariant derivatives and field strengths are evaluated on the background field bµ,
and we have again suppressed the hats on the classical fields. In the formulae above, C2(r)
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represents the second Casimir of the representation r, C2(G) corresponding to the adjoint
representation; it is defined as ρr(T
aT a) = C2(r)Ir. In terms of the basis si of independent,
gauge invariant terms of eqs. (2.16) and (2.19), we have, taking into account that s13-s20 are
only independent of the s1-s12 for representations other than those in the set F for which ∆
a
r
is Lie algebra valued,
Γ
NC,SU(N)
div,matter[bµ, ψ] =
∫
dDx
( ig2N
16π2ǫ
∑
r
[1
6
sr1 −
1
3
sr2 −
1
8
sr3 +
5
6
sr4 +
5
12
sr5 −
1
16
sr6 −
1
8
sr8
]
+
g2i
16π2ǫ
∑
r
C2(r)
[1
2
sr1 +
1
8
sr3 −
3
2
sr4 −
3
4
sr5 +
1
6
sr6 +
1
12
sr7 +
1
24
sr8 −
i
12
sr12
]
(3.3)
+
ig4
16π2g˜2ǫ
∑
r /∈F
[
−
2
3
sr13 +
1
3
sr14 +
2
3
sr16 +
1
3
sr17 +
3
8
sr18 +
3
8
sr20
]
+
ig4N
32π2g˜2ǫ
∑
r∈F
A(r)
2c2(r)
[
−
2
3
sr1 +
1
3
sr2 +
2
3
sr4 +
1
3
sr5 +
3
8
sr6 +
3
8
sr8
])
.
4 Computation of the UV divergent contributions in the gauge sec-
tor
In this section we will compute the UV divergences in the bosonic sector that do not involve any
evanescent operators and are therefore gauge invariant, using the same strategy employed for
the matter sector: choice of gauge α = 1 and computation of a minimum number of diagrams.
To identify the diagrams that need to be computed, we refer to the basis of bosonic gauge
invariant terms in eq. (2.15). The contributions of the terms r1, r2 with three gauge fields are
independent of each other, and thus, in order to fix their coefficients in the divergent part
of the effective action, it suffices to compute the pole of the Green functions involving three
background field legs, Γ˜(3,0) in the notation of eq. (2.14).
These diagrams can have internal gauge or fermionic propagators. We will analyse sepa-
rately the diagrams with an internal fermionic loop –whose relevant divergences will be shown
to vanish– and with a gauge-field loop.
4.1 Cancellation of the non-evanescent UV divergences of the fermionic loops
The diagrams with internal fermion loops can be analysed with the techniques employed in
refs. [2] and [11]. In these papers it is argued that by appropriately defining the dimension-
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ally regularised interactions, a change of variables can be done in the path integral which is
equivalent to inverting the Seiberg-Witten map. This change of variables has unit Jacobian in
dimensional regularisation, and allows to compute Green functions with external gauge fields
by using interaction vertices in terms of the noncommutative fermions. These diagrams can be
computed to all orders in θ due to the fact that the phase factors generated by the noncommu-
tativity are independent of the loop momenta. As noted in ref. [2], their UV divergences have
zero contributions involving ǫ tensors, while the vector contributions, computed in ref. [11], are
proportional to
∑
r TrrFµν ⋆ Fµν , where Fµν is the noncommutative field strength and r labels
the irreducible representations of the fermion fields. Now, expanding
∫
dDx
∑
r TrrFµν ⋆ Fµν
with the Seiberg-Witten map yields an O(θ) contribution to the effective action of the form∫
dDx
∑
r
TrrFµν ⋆ F
µν =
(∑
r
A(r)
) ∫
dDx
(
−
1
4
r1 + r2
)
+ O(h2),
where r1 and r2 are given in eq. (2.15), while A(r) are the anomaly coefficients, whose sum∑
r A(r) must vanish for the theory to be anomaly free. These results apply for both the U(1)
and SU(N), N > 2 cases.
The choices of dimensionally regularised interactions that allow for the inversion of the
Seiberg-Witten map for fermions differ by evanescent operators from the choice that was used
in the computations of the previous section. Recalling that divergences involving evanescent
operators are not physical at one-loop and hence can be ignored, we conclude that the relevant
contributions of the fermion loops to the divergences of the diagrams with external gauge field
legs are zero. Thus, it only remains to study the divergences involving gauge field loops; we
will treat the U(1) and SU(N) cases separately.
4.2 Gauge-field loop contributions in the U(1) case
At order θ, there are no one-loop diagrams involving only gauge fields, due to the fact that the
commutative action does not have any interaction with three or more gauge fields. Together
with the vanishing of the divergences of the fermionic loops, we conclude
Γ
NC,U(1)
div,bos [bµ, ψ] = 0. (4.1)
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4.3 Gauge-field loop contributions in the SU(N), N > 2 case
The diagrams with three external background field legs involving only internal gauge field
propagators are shown in Fig. 5. Their associated contribution to the UV divergent part of
Figure 5: Diagrams contributing to Γ˜(3,0) at order θ in the SU(N), N > 2 case.
the effective action is
Γ
NC,SU(N)
div,bos [bµ, ψ] =
∫
dDx
11Ng2
48π2g˜2ǫ
(1
8
r1 −
1
2
r2
)
+O(θ2) =
11Ng2
48π2ǫ
S
NC,SU(N)
tree,bos +O(θ
2), (4.2)
where S
NC,SU(N)
tree,bos denotes the noncommutative contribution to the bosonic action of eq. (2.10).
5 Studying renormalisability
In the previous sections we calculated the noncommutative UV divergences in both the matter
sector and the bosonic sector. The results are given, expanded in a basis of gauge invariant
terms whose elements are displayed in eqs. (2.15), (2.16) and (2.19), by eqs. (3.2), (3.3) for the
matter sector, and eqs. (4.1) and (4.2) for the bosonic sector.
In this section we will check whether these noncommutative divergences can be subtracted
by means of multiplicative renormalisations and the addition of θ-dependent counterterms that
vanish on-shell. We will consider separately the U(1) and SU(N) cases.
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5.1 U(1) case
To start, it is known that the one-loop divergences of QED at order zero in θ are renormalisable
by means of multiplicative renormalisations of fields and parameters. We consider the following
form for these multiplicative renormalisations
bµ = Z
1/2
b b
R
µ , ψr = (Z
r
ψ)
1/2ψRr , e = µ
2ǫZee
R, e˜ = µ2ǫdZe˜e˜
R, θµν = Zθθ
R
µν , (5.1)
with Zi = 1 + δZi. The gauge invariance present in the calculated divergences forces δZe =
−1
2
δZb; the ordinary commutative calculation yields
δZb = −2δZe =
e2
12π2ǫ
,
δZrψ =
e2
16π2ǫ
. (5.2)
For the renormalisation of the noncommutative divergences we will also consider θ-dependent
counterterms that vanish on-shell. These redundant interactions are of the form
δS[b, ψ] =
∫
d4x
δS
δb0µ(x)
F 0µ [b, ψ] +
(∑
r
δS
δψr(x)
Gr[b, ψ] + c.c.
)
, (5.3)
which vanish on-shell due to the equations of motion
δS[b, ψ]
δb0µ(x)
=
δS[b, ψ]
δψr(x)
= 0.
In order to preserve gauge symmetry, F 0µ [a, ψ] and Gr[a, ψ] have to transform in four dimen-
sions, under a U(1) gauge transformation with gauge parameter λ = eλ0Y , as
sF 0µ = 0, sGr = ieλ
0ρr(Y )Gr.
We consider the following solutions
δF 0µ [b, ψ] =y1θ
αβ(Dµfαβ)
0 + y2θµ
α(Dνfνα)
0 +
∑
r
yr3θµ
αψ¯rγαPLψr + i
∑
r
yr4θ
αβψ¯rγµαβPLψr
+ y5θ˜
β
µ (D
νfνβ)
0, yi ∈ R, (5.4)
Gr[b, ψ] =k
r
1θ
αβfαβPLψr + k
2
rθ
αβγαµPLfβ
µψr + k
r
3θ
αβγαµPLDβD
µψr + k
r
4θ
αβγαβPLD
2ψr
+ kr5θ˜
αβγ5PLfαβψr, ki ∈ C.
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Note that we used fµν = eY (fµν)
0, Dρfµν = eY (Dρfµν)
0 in Gr. The counterterm action that
results at O(h) from the multiplicative renormalisations of eq. (5.1) and the unphysical θ-
dependent counterterms of eqs. (5.3) and (5.4) has the following expansion in the basis of
eqs. (2.15), (2.16) and (2.20) particularised for the U(1) theory
S
NC,U(1)
ct = S
NC,U(1)
ct,bos + S
NC,U(1)
nc,matter,
S
NC,U(1)
ct,bos =
∫
d4x
∑
i
Biri, S
NC,U(1)
ct,matter = i
∫
d4x
∑
r,i
Cri s
r
i +
∫
d4x
∑
i,r<s
Drsi t
rs
i , (5.5)
B1 =
e˜
16
(
δZe˜ + δZθ +
3
2
δZb
)
, B2 = −
e˜
4
(
δZe˜ + δZθ +
3
2
δZb
)
,
Cr1 =
1
2
(δZθ+δZψ)−(k
r
2)
∗−kr2, C
r
2 = −
1
4
(δZθ+δZψ) + (k
r
1)
∗ + kr1 +
i
2
(kr3)
∗−
i
2
kr3,
Cr3 = −iy1 + k
r
1 −
1
2
kr2 +
i
2
(kr3)
∗, Cr4 = −(k
r
2)
∗ − kr2 − i(k
r
3)
∗ − ikr3 − 4i(k
r
4)
∗,
Cr5 = −2i(k
r
4)
∗ − kr2 + iy2 −
i
eYr
yr3, C
r
6 = −
1
eYr
yr4 −
1
2
y7 − i(k
r
4)
∗ − ikr5,
Cr7 = −2i(k
r
4)
∗ − i(kr5)
∗ − ikr5, C
r
8 = −
1
2
kr2 +
i
2
(kr3)
∗ +
i
2
kr3 − ik
r
5,
Cr9 =
i
2
(kr3)
∗ +
i
2
kr3 − ik
r
5 − i(k
r
5)
∗, Cr10 = (k
r
2)
∗ − kr2 + i(k
r
3)
∗ + ikr3,
Cr11 = −(k
r
3)
∗ − kr3 − 2(k
r
4)
∗ − 2kr4, C
r
12 = −(k
r
4)
∗ + kr4,
Drs1 = e
(ys3
Ys
−
yr3
Yr
)
, Drs2 = 2e
(ys4
Ys
−
yr4
Yr
)
.
The counterterm action above must cancel the divergences in the bosonic and matter sectors.
This means
S
NC,U(1)
ct,bos = −Γ
NC,U(1)
div,bos , S
NC,U(1)
ct,matter = −Γ
NC,U(1)
div,matter (5.6)
Since we expanded both the divergences and counterterms in a basis of independent terms
ri, si, ti, in order to solve eq. (5.6) it suffices to match the real and imaginary parts of the
coefficients of these expansions, which are given in eqs. (3.2), (4.1) and (5.5). As a result, we
get the following system of equations:
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r1, r2 : δZe˜ + δZθ +
3
2
δZb = 0,
sr1 :
1
2
(δZθ + δZψ)− 2Rek
r
2 = −
(eYr)
2
16π2ǫ
(1
2
−
4xr
3
)
,
sr2 : −
1
4
(δZθ + δZψ) + 2Rek
r
1 + Imk
r
3 = −
(eYr)
2xr
24π2ǫ
,
sr3 : y1 −
1
2
Rekr3 − Imk
r
1 +
1
2
Imkr2 = 0,
1
2
Imkr3 + Rek
r
1 −
1
2
Rekr2 = −
(eYr)
2
128π2ǫ
,
sr4 : Rek
r
3 + 2Rek
r
4 = 0, −2Rek
r
2 − 4Imk
r
4 = −
(eYr)
2
16π2ǫ
(
−
3
2
+
4xr
3
)
,
sr5 : eYr(−y2 + 2Rek
r
4 + Imk
r
2) + y
r
3 = 0, −Rek
r
2 − 2Imk
r
4 = −
(eYr)
2
16π2ǫ
(
−
3
4
+
2xr
3
)
,
sr6 : Rek
r
4 + Rek
r
5 = 0, −
yr4
eYr
−
1
2
y7 − Imk
r
4 + Imk
r
5 = −
(eYr)
2
16π2ǫ
(1
6
+
3xr
4
)
,
sr7 : Rek
r
4 + Rek
r
5 = 0, −2Imk
r
4 = −
(eYr)
2
192π2ǫ
,
sr8 : − Rek
r
3 + Rek
r
5 +
1
2
Imkr2 = 0, Imk
r
5 −
1
2
Rekr2 = −
(eYr)
2
16π2ǫ
( 1
24
+
3xr
4
)
,
sr9 : − Rek
r
3 + 2Rek
r
5 = 0,
sr10 : Imk
r
2 − Rek
r
3 = 0,
sr11 : − Rek
r
3 − 2Rek
r
4 = 0,
sr12 : − 2Imk
r
4 = −
(eYr)
2
192πsǫ
,
trs1 , t
rs
2 :
ys3
Ys
−
yr3
Yr
= 0 =
ys4
Ys
−
yr4
Yr
. (5.7)
The equations are compatible; we find the following solutions (making use of eq. (5.2)):
δZθ =
e2
3π2ǫ
(xr − 1), δZe˜ =
e2
24π2ǫ
(5− 8xr),
yr3 = cY
r, c ∈ R, yr4 = c
′Y r, c′ ∈ R,
y1 = Imk
r
1, y2 =
c
e
,
y7 = −
2
e
c′ +
e2
24π2ǫ
(xr − 1), Rek
r
1 = −
1
2
Imkr3 +
e2
384π2ǫ
(8xr − 13), (5.8)
Imkr5 = −
e2
384π2ǫ
(10xr + 11), Imk
r
4 =
e2
384π2ǫ
,
Rekr2 =
e2
96π2ǫ
(4xr − 5), Imk
r
2 = Rek
r
3 = 2Rek
r
5 = −2Rek
r
4.
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The couplings e˜ and θ, as well as y1, y2, y7, must be independent of the representations r of
the fermions. Imposing this on the solutions of eq. (5.8), we are forced to demand
xr =
e˜
eYr
= 0⇒ e˜ = 0.
I.e., renormalisability is attainable by fixing the trace ambiguity in the tree-level bosonic
action in such a way that the coupling e˜ of eq. (2.11) is equal to zero. When e˜ = 0, the
noncommutative tree-level contributions in the bosonic sector vanish, as well as the bosonic
divergences and the counterterms along r1, r2; then the equations in eq. (5.7) coming from the
coefficients along r1, r2, as well as the solution for δZe˜ in eq. (5.8) can be ignored. Thus, the
choice e˜ = 0 is consistent at the one-loop level and at O(θ).
5.2 SU(N), N > 2 case
In the SU(N) case we consider the multiplicative renormalisation of fields and parameters that
follow
bµ = Z
1/2
b b
R
µ , ψr = (Z
r
ψ)
1/2ψRr , g = µ
−ǫ Zgg
R, g˜ = µ−ǫ Zg˜g˜
R, θµν = Zθθ
R
µν ,
Gauge invariance demands now δZb = 0, and the O(θ
0) calculation yields the following results
δZrψ =
g2C2(r)
16π2ǫ
, (5.9)
δZg =
g2
16π2ǫ
[11
6
C2(G)−
2
3
∑
r
c2(r)
]
.
As before, we consider θ-dependent counterterms that vanish on-shell, of the form
δS[b, ψ] =
∫
d4x
δS
δbaµ(x)
F aµ [b, ψ] +
(∑
r
δS
δψr(x)
Gr[b, ψ] + c.c.
)
, (5.10)
where now gauge invariance demands –defining Fµ = F
a
µT
a–
sFµ = −i[Fµ, λ], sGr = iλGr,
and we consider the following solutions
Fµ =y1θ
αβDµfαβ + y2θµ
αDνfνα +
∑
r
yr3θµ
α(ψ¯rγαPLT
aψr)T
a
+ i
∑
r
yr4θ
αβ(ψ¯rγµαβPLT
aψr)T
a + y5θ˜
β
µ D
νfνβ, yi ∈ R,
Gr,L =k
r
1θ
αβfαβPLψr + k
2
rθ
αβγαµPLfβ
µψr + k
r
3θ
αβγαµPLDβD
µψr + k
r
4θ
αβγαβPLD
2ψr
+ kr5θ˜
αβγ5PLfαβψr, ki ∈ C. (5.11)
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If there are representations r /∈ F for which the ∆ar of eq. (2.17) are not Lie algebra valued,
we can consider additional independent contributions to Fµ, Gr,L, involving ∆
a
r . These are
G′r,L =k
r
6θ
αβ∆ar(fαβ)
aPLψr + k
r
7θ
αβγαµPL∆
a
r(fβ
µ)aψr + k
r
8θ˜
αβγ5PL∆
a
r(fαβ)
aψr; ki ∈ C,
In terms of the elements in the basis of eqs. (2.15), (2.16), (2.19) and (2.20), the O(θ)
counterterm action that results from the multiplicative renormalisations of eq. (5.9) and the
θ-dependent counterterms that result from eqs. (5.10) and (5.11) is, using the same notation
as in the U(1) case, the following
S
NC,SU(N)
ct = S
NC,SU(N)
ct,bos + S
NC,SU(N)
ct,matter ,
S
NC,SU(N)
ct,bos =
∫
d4x
∑
i
Biri,
S
NC,SU(N)
ct,matter =i
∫
d4x
∑
r,i<13
Cri s
r
i + i
∫
d4x
∑
r′ /∈F ,i>12
Cr
′
i s
r′
i +
∫
d4x
∑
r<s,i
Drsi t
rs
i , (5.12)
B1 =
1
8g˜2
(
− 2δZg˜ + δZθ
)
, B2 = −
1
2g˜2
(
− 2δZg˜ + δZθ
)
,
Cr1 =
1
2
(δZθ + δZψ)− (k
r
2)
∗ − kr2, C
r
2 = −
1
4
(δZθ + δZψ) + (k
r
1)
∗ + kr1 +
i
2
(kr3)
∗ −
i
2
kr3,
Cr3 = −iy1 + k
r
1 −
1
2
kr2 +
i
2
(kr3)
∗, Cr4 = −(k
r
2)
∗ − kr2 − i(k
r
3)
∗ − ikr3 − 4i(k
r
4)
∗,
Cr5 = iy2 −
i
2g2
yr3 − 2i(k
r
4)
∗ − kr2, C
r
6 = −
1
2g2
yr4 −
1
2
y5 − i(k
r
4)
∗ − ikr5,
Cr7 = −2i(k
r
4)
∗ − i(kr5)
∗ − ikr5, C
r
8 = −
1
2
kr2 +
i
2
(kr3)
∗ +
i
2
kr3 − ik
r
5,
Cr9 =
i
2
(kr3)
∗ +
i
2
kr3 − ik
r
5 − i(k
r
5)
∗, Cr10 = (k
r
2)
∗ − kr2 + i(k
r
3)
∗ + ikr3,
Cr11 = −(k
r
3)
∗ − kr3 − 2(k
r
4)
∗ − 2kr4, C
r
12 = −(k
r
4)
∗ + kr4,
Cr
′
13 = −(k
r′
7 )
∗ − kr
′
7 , C
r′
14 = (k
r′
6 )
∗ + kr
′
6 ,
Cr
′
15 = k
r′
6 −
1
2
kr
′
7 , C
r′
16 = −(k
r′
7 )
∗ − kr
′
7 ,
Cr
′
17 = −k
r′
7 , C
r′
18 = −ik
r′
8 ,
Cr
′
19 = −i(k
r′
8 )
∗ − ikr
′
8 , C
r′
20 = −
1
2
kr
′
7 − ik
r′
8 ,
Cr
′
21 = −ik
r′
8 − i(k
r′
8 )
∗, Cr
′
22 = (k
r′
7 )
∗ − kr
′
7 ,
Drs1 = y
s
3 − y
r
3, D
rs
2 = 2y
s
4 − 2y
r
4.
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To demand renormalisability, we impose
S
NC,SU(N)
ct,bos = −Γ
NC,SU(N)
div,bos , S
NC,SU(N)
ct,matter = −Γ
NC,SU(N)
div,matter. (5.13)
Matching the coefficients of the expansion of the terms in eq. (5.13) in the basis of elements ri,
sri and t
rs
i –where the expansions are given in eqs. (3.3), (4.2) and (5.12)– we obtain a system
of equations.
Let’s consider first the case in which there are fermions belonging to representations r′ /∈ F .
Matching the coefficients of the sr
′
13 and s
r′
16, we get the following equations
sr
′
13 : Rek
r′
7 = −
g4N
96π2g˜2ǫ
, sr
′
16 : Rek
r′
7 =
g4N
96π2g˜2ǫ
,
which are clearly incompatible unless
1
g˜2
= 0.
For 1
g˜2
= 0, the divergences along the terms sr
′
13-s
r′
22 in eq. (3.3) vanish, and the corresponding
equations for the counterterms of eq. (5.13) along sr
′
13-s
r′
22 can be solved by demanding
kr
′
6 = k
r′
7 = k
r′
8 = 0.
It remains to solve the equations for the coefficients of the terms along ri and s
r
1-s
r
13, for
arbitrary representations r, belonging or not to F . From eq. (3.3), it is clear that for 1
g˜2
= 0
the matching equations for the counterterms will be the same for all irreducible representations
r. As was done in the U(1) case, these equations can be obtained straightforwardly from
eqs. (3.3), (4.2), (5.12) and (5.13); for the sake of brevity we will not display them here, but
we will note that they are compatible –but for the identities coming from the matching along
r1, r2, they are the same equations that were found for anomaly safe GUT theories in ref. [15]–
and have the following solutions
y1 = Imk
r
1, y
r
3 = c ∈ R,
yr4 = −y5g
2 −
g4
384π2ǫ
(16C2(r)− 13N), δZθ = −δZψ −
g2
48π2ǫ
(13C2(r)− 4N),
Rekr1 = −
1
2
Imkr3 −
g2
384π2ǫ
(13C2(r)− 8N), Imk
r
5 = −
g2
384π2ǫ
(11C2(r)− 8N),
Imkr4 =
g2C2(r)
384π2ǫ
, Rekr2 = −
5g2
192π2ǫ
(2C2(r)−N),
Imkr2 = Rek
r
3 = 2Rek
r
5 = −2Rek
r
4, δZg˜ =
1
2
δZθ +
11g2
96π2ǫ
,
y2 =
1
2g2
c, yr4 = c
′ ∈ R. (5.14)
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It should be recalled that y1, y2, y5 and δZθ must be flavour independent (see eq. (5.11)).
Imposing this in the previous solutions, one must require that all flavours have identical C2(r);
this can be achieved without violating the anomaly cancellation conditions by considering all
fields in a single representation plus its conjugate.
Next, we should analyse the case in which there are no fermion fields in representations
other than those belonging to F , as when the anomaly-free matter content is given by a
multiplet in the fundamental and another one in the antifundamental. In this case, defining
zr ≡
A(r)g2
2g˜2c2(r)
, (5.15)
the terms sj, j > 13 of eq. (2.19) are not independent of the terms si, i < 13; it can be readily
seen from eqs. (2.18) that one has
srj =
g˜2Nzr
2g2
srj−12, j = 13, . . . , 22,
with zr as in eq. (5.15). Using the previous identity applied to eqs. (3.3), (4.2), (5.12) and
(5.13), one gets a system of equations involving the terms ri, si, i = 1, · · ·12, ti of eqs. (2.15),
(2.16) and (2.20). The system is again compatible and has as solutions
y1 = Imk
r
1, y
r
3 = c ∈ R,
yr4 =−y5g
2+
g4
384π2ǫ
(N(4zr+ 13)−16C2(r)), δZθ =−δZψ+
g2
48π2ǫ
(4N(1+zr)−13C2(r)),
Rekr1 =−
1
2
Imkr3+
g2
384π2ǫ
(2N(zr+ 4)−13C2(r)), Imk
r
5 = −
g2
768π2ǫ
(22C2(r) +N(5zr − 16)),
Imkr4 =
g2C2(r)
384π2ǫ
, Rekr2 =
g2
192π2ǫ
(N(2zr + 5)− 10C2(r)),
Imkr2 = Rek
r
3 = 2Rek
r
5 = −2Rek
r
4, δZg˜ =
1
2
δZθ +
11g2
96π2ǫ
,
y2 =
1
2g2
c, yr4 = c
′ ∈ R. (5.16)
Again, we have to demand the independence of y1, y2, y5 and δZθ of the representation r.
Since z(r), defined in eq. (5.15), involves A(r)/c2(r), which will differ in the representations
considered –c2(r) is positive, while some A(r) will have necessarily different signs to make the
cancellation of the anomaly possible– we must have z(r) = 0 by imposing again
1
g˜2
= 0.
24
After doing this, the solutions of eq. (5.16) are equivalent to those of eq. (5.14).
From the previous results, it is clear that the SU(N), N > 2 theory is one-loop renor-
malisable only when the trace ambiguity is fixed in such a way that (g˜tree)
−2 = 0 and when
ordinary the matter content is vectorial, consisting of two multiplets in representations that
are conjugate of each other; the choice of representation remains arbitrary. Note that when
(g˜tree)
−2 = 0, the noncommutative tree-level contributions, the counterterms and the diver-
gences in the bosonic sector vanish, and then the equations for the counterterms along r1, r2,
as well as the solutions for δZg˜ of eqs. (5.14) and (5.16), can be ignored. Hence, the condition
(g˜tree)
−2 = 0 survives the renormalisation procedure.
6 Discussion
In this paper we have computed, at one-loop and first order in the noncommutativity param-
eters θ, the UV divergent contributions involving zero or two fermion fields and an arbitrary
number of gauge fields, to the background-field effective action of two types of noncommuta-
tive gauge theories: the GUT compatible formulation of QED, and SU(N), N > 2 GUTs with
an arbitrary, anomaly-free matter content. We used the framework of BMHV dimensional
regularisation, neglecting contributions to the divergences involving operators that vanish in
the limit D → 4, which are unphysical at one-loop. The results can be summarised as follows:
when the trace ambiguities of the models are fixed in such way that the O(θ) triple gauge field
couplings vanish at tree level, the off-shell divergences of both the U(1) and SU(N) theories can
be renormalised by means of multiplicative renormalisations of fields and couplings –including
the noncommutativity parameters θ– and the addition of unphysical θ-dependent counterterms
that vanish on-shell. In the SU(N) case, this is possible whenever the irreducible representa-
tions in the matter multiplet share the second Casimir. When the previous conditions are met,
given the results of ref. [12] concerning the vanishing of 4 fermion UV divergences in noncom-
mutative GUT compatible theories, the full one-loop, O(θ) effective action is renormalisable.
The restriction to theories in which the O(θ) triple gauge field couplings vanish –recall that
these interactions are proportional to e˜, 1
g˜2
, as shown in eq. (2.12)– constrains the ambiguity in
the trace of the bosonic degrees of freedom. Looking at the expressions for the couplings e˜, 1
g˜2
in eq. (2.11), their vanishing can be achieved by summing over all the matter representations
with a common coefficient, as a consequence of anomaly cancellation conditions. Thus, the
choice e˜ = 1
g˜2
= 0 can be regarded as the simplest or minimal one, dictated only by the
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matter content of the theory, as was already pointed out in ref. [13]. Our calculations show
that, once e˜ = 1
g˜2
= 0 are fixed to zero at tree-level, there is no need to renormalise these
parameters due to the vanishing of the bosonic divergences, so that the choice is consistent
with one-loop, O(θ) quantum corrections. As was emphasised in the introduction, the only
physical parameters of the theory are the coupling constants e, g and the noncommutativity
parameters θ. The off-shell renormalisation only required the addition of counterterms arising
either from multiplicative renormalisation of the tree-level parameters and fields, or depending
on unphysical couplings. Renormalisable S-Matrix elements –which are insensitive to field
renormalisations and the on-shell vanishing counterterms– can be obtained by considering only
the multiplicative renormalisation of these physical parameters. Thus, the one-loop, order θ
renormalisation procedure did not require an enlargement of the set of physical couplings; this
is essential in raising hopes that the well-behaved theories found in this paper might be indeed
renormalisable in the proper sense -meaning that they keep yielding sensible S-Matrix elements
that only depend on a finite number of physical couplings- when higher order corrections are
taken into account.
For e˜ = 1
g˜2
= 0 the theories are similar to the anomaly safe GUTs analysed in ref. [15], and
the results too. However, two important distinctions should be made: in the theories analysed
in this paper, the anomaly cancellation conditions impose constraints on the allowed matter
representations, and, on the other hand, the fact that the choice e˜ = 1
g˜2
= 0 survives the renor-
malisation procedure is nontrivial, coming from the vanishing of the fermionic contributions to
the UV divergences in the bosonic sector: for anomaly safe theories, the contributions to the
UV divergences of the form Trθfff vanish automatically, while in the U(1) and SU(N), N > 2
case they vanish because their coefficient turns out to be proportional to the total anomaly. In
the SU(N) case, the condition that the representations must share the same second Casimir,
added to the condition of anomaly freedom, demands that the ordinary matter sector has
to be nonchiral, in the sense that it must consist of two multiplets in representations that
are conjugate of each other; the noncommutative interactions, since they cannot be written
in terms of noncommutative Dirac fermions, remain chiral. Thus, our results overcome the
nonrenormalisability observed for non-GUT compatible formulations of noncommutative QED
and SU(N) gauge theories with ordinary vector matter, whose matter sectors have unrenor-
malisable divergences. This increases the number of noncommutative gauge theories in the
enveloping algebra approach with fermionic matter which have been shown to be one-loop
renormalisable at order θ, and further motivates the study of noncommutative GUT compati-
ble theories. The list of one-loop, O(θ) renormalisable noncommutative theories so far includes
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noncommutative SU(N) super Yang-Mills, anomaly safe GUTs, and the renormalisable the-
ories found in this paper. It should be pointed out that due to the fact that renormalisable
SU(N) GUT theories are nonchiral, noncommutative embeddings of the Standard Model into
renormalisable anomaly safe GUT theories should be preferred over embeddings into SU(N)
GUTs. Nevertheless, when modelling the strong interactions alone, a GUT compatible SU(N)
model stands out as the simplest renormalisable choice at one-loop and order θ.
Of course, even though we mentioned Standard Model embeddings, our results about renor-
malisability apply for theories without Higgs sectors. It is an open and very interesting problem
to study the renormalisability of GUT compatible theories with a Higgs sector. On the other
hand, our results apply to GUT compatible theories with simple groups; it is still pending
to analyse the case of semisimple groups, such as the GUT compatible Standard Model of
ref. [13]. Even though renormalisability could demand similar restrictions for the matter con-
tent as those found in this paper, such as common second Casimirs for the different multiplets,
this would be satisfied by fields in the (anti)fundamental representations of SU(3) and SU(2),
as in the Standard Model itself. On the other hand, a chiral SU(2) ordinary matter content
could be still allowed, since SU(2) is anomaly free.
Finally, we should briefly comment on phenomenological properties of the one-loop, order
θ renormalisable models found in this paper. There is ample literature regarding phenomeno-
logical studies of noncommutative theories in the enveloping algebra approach, but to our
knowledge, all studies so far concerned models that are not GUT compatible. For a very
limited list of phenomenological studies, we can point out those dealing with Standard Model
forbidden decays, such as Z → γγ [23], K → πγ [24], or quarkonia decays [25], whose detection
could be taken as a signal of noncommutativity. Other studies have dealt with noncommutative
couplings between neutrinos and photons, such as in ref. [26]; more collider phenomenology was
analysed for example in ref. [27]. The phenomenological study of GUT compatible theories cer-
tainly deserves separate efforts, and we hope that our results will encourage them. In general,
right-handed and left-handed fermions in GUT-compatible models couple to the noncommu-
tativity parameters in different ways [12, 13], in contrast to the case of theories constructed
in terms of noncommutative Dirac fermions, which have been the focus of phenomenological
studies so far. Thus, the results available in the literature cannot be directly extrapolated to
the GUT-compatible case. Here we will just point out that in the renormalisable GUT-inspired
models found in this paper and in ref. [15], there are no triple gauge interactions mixing gauge
bosons belonging to different gauge groups, and also the couplings considered between matter
and fermions in eq. (2.1) can not mix neutrinos and photons. Hence, in an embedding of the
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Standard Model into theories similar to those in this paper and in ref. [15], there would be
no tree-level induced Z → γγ decays, and no effects coming from tree-level neutrino-photon
interactions. Standard Model forbidden decays involving kaons and quarkonia might still be
allowed, but in the absence of Z → γγ couplings the effects might be weaker, and there could
be further cancellations due to the fact that the gauge interactions at first order in θ of left
handed fermions have opposite sign to those of right handed fermions.
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A Feynman rules
We denote the background field legs with an encircled “b”; the rules are defined without
symmetrising over background field legs, in accordance with eq. (2.14). Barred objects are
strictly four-dimensional.
A.1 U(1) theory
The photon fields a0µ –see eq. (2.3)– are denoted with a wavy line. The fermion multiplet ψis
–“i” denoting the Dirac index and “s” being the index of the representation– are represented
by single solid lines.
PSfrag replacements
p
ν
ρ
µ
is
jt
q
k
i
j
k1
k2
k3
µ ↔
−igµν
p2 + iǫ
PSfrag replacements
p
ν
ρ
µ
is jt
q
k
i
j
k1
k2
k3 ↔
i(p/)ijδst
p2 + iǫ
PSfrag replacements
p
ν
ρ
µ
is jt
q
k
i
j
k1
k2
k3
↔ ie(γ¯µ)ijρψ(Y )st
b
PSfrag replacements
p
ν
ρ
µ
is jt
q
k
i
j
k1
k2
k3
↔
e
2
(γ¯νPL)ijθ
αβρψ(Y )st[−(q¯ν p¯β
−q¯β p¯ν)δ¯
µ
α)− k¯αp¯β δ¯
µ
ν ]
PSfrag replacements
p
ν
ρ
µ
is
jt
q
k
i
j
k1
k2
k3
µ
ν
↔−
e2
2
(γ¯σPL)ijθ
αβ(−(k¯1 − k¯2)σ δ¯
µ
αδ¯
ν
β
+ 2k¯1αδ¯
µ
σ δ¯
ν
β + 2k¯2αδ¯
ν
σ δ¯
µ
β − (q¯ − p¯)β(δ¯
µ
αδ¯
ν
σ + δ¯
ν
αδ¯
µ
σ)).
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A.2 SU(N), N > 2 theory
The nonabelian gauge field aaµ is denoted with a curly line, and he fermion multiplet ψis is
represented by double solid lines.
PSfrag replacements
p
ν
ρ
µ
is
jt
q
k
i
j
k1
k2
k3
p
µ, a ν, b
ρ, c
µ, a
is
jt
q
k
is
jt
a, µ
k1
k2
k3
a, µ
b, ν
λ, c
ρ, d ↔
−ig2δabgµν
p2 + iǫ
PSfrag replacements
p
ν
ρ
µ
is
jt
q
k
i
j
k1
k2
k3
p
µ, a
ν, b
ρ, c
µ, a
is jt
q
k
is
jt
a, µ
k1
k2
k3
a, µ
b, ν
λ, c
ρ, d ↔
i(p/)ijδst
p2 + iǫ
PSfrag replacements
p
ν
ρ
µ
is
jt
q
k
i
j
k1
k2
k3
p
µ, a
ν, b
ρ, c
µ, a
is
jt
q
k
is
jt
a, µ
k1
k2
k3
a, µ
b, ν
λ, c
ρ, d
↔
1
g2
fabc[g¯µρ(k¯1 − k¯3 − k¯2)
ν
+ g¯νρ(k¯3 − k¯2)
µ
+ g¯µν(k¯2 − k¯1 + k¯3)
ρ]
PSfrag replacements
p
ν
ρ
µ
is
jt
q
k
i
j
k1
k2
k3
p
µ, a
ν, b
ρ, c
µ, a
is jt
q
k
is
jt
a, µ
k1
k2
k3
a, µ
b, ν
λ, c
ρ, d
↔ i(γ¯µ)ij(T
a)st
PSfrag replacements
p
ν
ρ
µ
is
jt
q
k
i
j
k1
k2
k3
p
µ, a ν, b
ρ, c
µ, a
is
jt
q
k
is
jt
a, µ
k1
k2
k3
a, µ
b, ν
λ, c ρ, d
↔ −
i
2g2
[fabef ecd(g¯µλg¯νρ − g¯µρg¯νλ + g¯µν g¯λρ)
fadef ebc(g¯µν g¯λρ − g¯µλg¯νρ − g¯µρg¯νλ)]
facef ebd(g¯µν g¯λρ − g¯µρg¯νλ)]
PSfrag replacements
p
ν
ρ
µ
is
jt
q
k
i
j
k1
2
k3
p
µ, a
ν, b
ρ, c
µ, a
is
jt
q
k
is
jt
a, µ
k1
k2
k3
a, µ
b, ν
λ, c
ρ, d
↔
1
4g˜2
θαβd
abc[k¯α1 k¯2 · k¯3g¯
µβ g¯νρ − k¯α1 k¯
ρ
2 k¯
ν
3 g¯
µβ
− 2(k¯α1 k¯
β
2 k¯
µ
3 g¯
νρ − k¯α1 k¯
ρ
2 k¯
µ
3 g¯
νβ − k¯1 · k¯3k¯
β
2 g¯
νρg¯µα
+ k¯1 · k¯3k¯
ρ
2 g¯
µαg¯νβ)] + (permutations of all legs)
PSfrag replacements
p
ν
ρ
µ
is
jt
q
k
i
j
k1
k2
k3
p
µ, a ν, b
ρ, c
µ, a
is
jt
q
k
is
jt
a, µ
k1
k2
k3
a, µ
b, ν
λ, c ρ, d
↔
−i
16g˜2
θαβf
abedcde[k¯3 · k¯4g¯
µαg¯νβ g¯λρ − k¯ρ3 k¯
λ
4 g¯
µαg¯νβ
+ 4k¯α3 k¯
µ
4 g¯
νρg¯λβ − 4(k¯β3 k¯
ν
4 g¯
µαg¯λρ − k¯β3 k¯
λ
4 g¯
µαg¯νρ
− k¯ρ3 k¯
ν
4 g¯
µαg¯λβ + k¯3 · k¯4g¯
µαg¯νρg¯λβ)− 2(k¯α3 k¯
β
4 g¯
µλg¯νρ
− k¯α3 k¯
ν
4 g¯
µλg¯ρβ − k¯µ3 k¯
β
4 g¯
νρg¯λα + k¯µ3 k¯
ν
4 g¯
λαg¯ρβ)]
+ (permutations of all legs)
PSfrag replacements
p
ν
ρ
µ
is
jt
q
k
i
j
k1
k2
k3
p
µ, a
ν, b
ρ, c
µ, a
is jt
q
k
is
jt
a, µ
k1
k2
k3
a, µ
b, ν
λ, c
ρ, d
↔
1
2
(γ¯νPL)ijθ
αβρψ(T
a)st[−(q¯ν p¯β − q¯β p¯ν)δ¯
µ
α)− k¯αp¯β δ¯
µ
ν ]
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PSfrag replacements
p
ν
ρ
µ
is
jt
q
k
i
j
k1
k2
k3
p
µ, a
ν, b
ρ, c
µ, a
is
jt
q
k
is
jt
a, µ
k1
k2
k3
a, µ
b, ν
λ, c
ρ, d
↔−
1
4
(γ¯σPL)ijθ
αβ{ρψ(T
a), ρψ(T
b)}st(−(k¯1 − k¯2)σ δ¯
µ
αδ¯
ν
β
+ 2k¯1αδ¯
µ
σ δ¯
ν
β + 2k¯2αδ¯
ν
σ δ¯
µ
β − (q¯ − p¯)β(δ¯
µ
αδ¯
ν
σ + δ¯
ν
αδ¯
µ
σ))
+ [ρL(T
i)(a), ρL(T
j)(b)]st((q¯ + p¯)σ δ¯
µ
αδ¯
ν
β − (q¯ + p¯)β(δ¯
µ
αδ¯
ν
σ − δ¯
ν
αδ¯
µ
σ))].
B β functions for the physical couplings, e, g, θ
The β functions for the couplings of the U(1) and SU(N) theories can be readily shown to be
U(1) : βe =
e3
12π2
,
βθ =
2e2θ
3π2
,
SU(N) : βg = −
g3
16π2
(11
3
N −
4
3
∑
r
c2(r)
)
,
βθ = −
g2θ
6π2
(N − 4C2(r)).
In the formulae above, C2(r) represents the second-degree Casimir invariant of the represen-
tation r, and c2(r) is the index of the representation. They are related by the relation
C2(r) = c2(r)
N(G)
N(r)
,
where N(r) is the dimension of the representation r, and G denotes the adjoint representation.
The β functions for the gauge couplings e, g are the same as in the commutative theory. The
β functions for θ are generically positive in the presence of non-singlet matter; in the SU(3)
case, for example, using the tables in ref. [28], βθ is positive for representations of dimension
less than 65, and the same result applies for SU(5) representations of dimension less than 800.
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